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USE O F  ANALOG COMPUTER FOR THE 
EQUALIZATION O F  ELECTROMAGNETIC' SHAKER 
IN TRANSIENT TESTING* 
By Marc R. Trubert  
Jet Propulsion Laboratory 
SUMMARY N 6 8 - 2  
A method which uses  an analog computer to  perform an open-loop 
equalization for  multi- shaker environmental vibration testing is  presented. 
The computer i s  programmed to simulate the equations of motion of the 
electromechanical system. The input of the computer i s  an electrical  signal 
representing the acceleration t ime histories to  be reproduced a t  the base of . 
the spacecraft. 
sient testing on a beam excited a t  two points. 
of vibration testing. 
An example of multi-shaker equalization is  shown for t ran-  
The method i s  valid for any type 
INTRODUCTION 
Environmental transient vibration testing is a recent type of testing which 
has  been performed on some of the latest spacecraft a t  the Je t  Propulsion 
Laboratory ( JPL) .  In this paper, transient vibration testing implies transient 
signal of low-frequency content, say below 200 cps, in contrast  to shock tes t -  
ing, for which the transient signal has a frequency content much above this 
limit. The basic problem is to reproduce a given acceleration t ransient  t ime 
his tory at the points of attachment of the spacecraft on the carrying vehicle. 
For  the spacecraft  tested a t  JPL,  the transient t ime his tory was derived 
. , f r o m  flight data ( re fs .  1 and 2),  but transient requirements of other origins 
+could a l so  be specified. 
scribed la ter ,  it is necessary to have available an electr ical  signal repre-  k. ting the t ime history of the transient acceleration to  be reproduced on the 
s t r y  --e. 
In any case,  in order  to  use the method of testing 
The method presented here  for  the simulation of t ransients  i s  res t r ic ted 
to  linear s t ructures .  
suited to  reproduce given t ime histories in the low-frequency range, due to  
It makes use of electrodynamic shakers ,  which a r e  well 
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the ease  of converting an electrical  signal into a force. 
shakers  a r e  hooked on the s t ructure ,  their motional impedance is strongly 
influenced by the s t ructure  in such a way that i t  is necessary  to place an 
equalizer between the input signal to be reproduced and the power amplifier 
that dr ives  the shaker. 
However, when the 
The methods of equalization currently used in environmental vibration 
testing for  single-shaker excitation (servo system for sine sweep testing and 
automatic equalizer for random testing) fail for t ransient  testing since those 
methods are specifically designed for steady- o r  quasi- steady- state excita- 
tion. The peak and notch fi l ter  bank used before the advent of the automatic 
equalizer, although not res t r ic ted to steady- state excitation, is nevertheless 
not entirely satisfactory, since phase coherence is  lost  through the fi l ters.  
Therefore an  analog equalization method that is valid for non- steady- state 
excitation and a s s u r e s  phase coherence has  been sought in this paper. 
This analog equalization i s  an open-loop method which simulates the dif-  
ferential equations of motion of the electromechanical system on an analog 
computer to  shape the signal to be presented to the shaker. 
ization was f i r s t  tested fo r  the classical single-shaker environmental excita- 
tion (ref.  1);  here  it is extended to the case of multi-shaker excitation. The 
multi- shaker environmental vibration testing has  been gaining favor in recent  
years  because of the increasing s i z e  of the s t ructures  to  be tested and because 
, of the possibility of more  realist ic testing (ref. 3) .  
The analog equal- 
However, the problem of equalization of multi-shaker excitation i s  a dif-  
ficult one even for steady- state operation. 
presented here  gives a solution to that problem for  both random and transient 
excitations. The proper equations of motion will be derived in this paper and 
the corresponding analog schematic indicated. 
excited a t  two points by a transient acceleration will be considered. 
The open-loop analog technique 
An example of a structure 
EQUATIONS O F  MOTION FOR ANALOG EQUALIZATION 
Consider a s t ructure  (fig. 1)  on which we want to  run a transient environ- 
mental vibration test with a multi-shaker system. 
degrees  of freedom and it is excited by N shakers.  Each shaker has  to pro- 
duce a prescribed acceleration tis( s = 1 ,  2,. . . , N )  in a prescribed direction. 
We note that up t o  three shakers  could be attached to  the same point. 
equalization problem consists in determining the t ime his tor ies  of the shaker 
voltages 
i i 2 ,  . . . , i i ~ .  
reference 3 ,  in which each shaker has  been approximated by a one-degree-of- 
f reedom system. 
will be kept here .  F r o m  reference 3 ,  these equations a r e  
The s t ructure  has  p 
The 
e l ,  e2 . . . e N  required to reproduce the given accelerations iil, 
The equations of motion of the system have been derived in 
This assumption is valid for low enough frequencies and 
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,- 
{FI = [A] {i t  - [MI] {ut  - [C'] { G I  - [K'] {u t  
{ e t  = [R] {it t [L,]/g\ t [A]{Gt 
where 
[M] = the mass  matrix 
[C] = the damping matr ix  
[K] = the stiffness matrix 
[A] = a transformation matrix that re la tes  { u t  to  ( y )  
[M'] = ['m:\3 = the mass  matrix fo r  the moving elements of the 
shakers 
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[CI] = PkJ = the damping matrix of the shakers  
[K'] = ['.:\I = the stiffness matr ix  of the shakers  
[R] = ps\l = the resistance mat r ix  of the shakers 
[L] = r L s d  = the inductance matr ix  of the shakers 
[A] = L \ k s \ 3  = the force-current coefficient matrix of the shakers 
In the system of Eqs. (1) through (4), the acceleration column {ut i s  
known and the voltage column { e t  has  to be determined. 
analog equalization is to simulate these equations with an analog computer in 
order  to produce {e( t ) )  for the given {ii(t)t (fig. 2). 
The objective of the 
We note that a fast analog computer made of high-speed operational ampli- 
f i e r s  with a flat frequency response up to a t  least 1000 cps  must  be used in 
order  to take advantage of an on-line hook-up with the power amplifiers,  per-  
mitting real- t ime operation. 
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Before programming Eqs. (1) through (4) on the computer, a few remarks  
At least  two considerations l imit  the use of an analog computer: a r e  in order .  
(1) The size of the computer, i. e . ,  the number of operational amplifiers 
that a r e  available. 
( 2 )  The susceptibility to feedback instability, a situation that can occur 
whenever an even number of operational amplifiers i s  used in the 
feedback loops of coupled equations. 
Therefore one must choose the proper se t  of coordinates y1, y2, . . . , yp that 
will minimize the size of the equations and fur ther  eliminate the coupling i f  
possible. We f i r s t  note that Eq. (1)  does not represent  a forced vibration 
problem since F1, F 2 ,  . . . , FN a r e  unknown forces.  Instead, the u l ,  
ii2, ..., UN a r e  the forcing functions for the equations. Consequently, we 
seek to introduce u l ,  u2, . . . , UN in Eq. ( 1). To this end, we choose for  
y1, y2, . . . , yp a system of coordinates which i s  formed by a l l  the shaker dis- 
placements u1, u2, . . . , UN and the normal coordinates q1,q2, . . . , qr  
( r  = p-N) of the s t ructure  in a configuration tied down a t  the points of excita- 
tion, i. e. , for u l  = u2 = . . . = UN = 0. This means that q1,q2, . . . , q r  
represent  the normal coordinates in a relative motion with respect to the 
shaker a rmatures .  We have 
The transformation __ matrix IA] becomes 
where 
[I] = the identity matrix.  
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The matr ices  [MI, [C], and [K] a r e  partitioned accordingly, and 
Eqs. (1) and (2) become 
where the mass, damping, and stiffness matr ices  a r e  symmetric.  
The mat r ix  [Kun], which represents the stiffness coupling between the 
shaker motion and the normal mode motion, is a null matrix.  Indeed, since 
the variables 91, 92, . . . , qr a r e  relative to  the shaker motion, there 
should be no modal response 91, 92, . . . , qr for static forces  applied 
through the shaker. 
a lso null: 
The matrix [Knu], which i s  the transpose of [Kun], is 
[Kun] = [Knu] = 0 (8 1 
Nothing of the so r t  can be sa id  for the damping coupling matr ices  [Gun] 
and [Gnu] = [CunlT; in general, those matr ices  a r e  not null. 
damping i s  limited to internal structural  damping, each t e r m  of the damping 
mat r ix  is proportional to the stiffness. On this basis, it is usually assumed 
that i f  a t e r m  of the stiffness mat r ix  i s  zero, then the corresponding t e r m  of 
the damping matr ix  is also zero. 
However, i f  the 
Therefore, in this case we can write 
[Gun] = [c””] = 0 ( 9 )  
Since, in general, the matrix [Cun] wil l  be very difficult, if not impossible, 
to  determine, one woul-rnave to  make the assumption of Eq. (9) to be able to 
proceed. 
damping matrix [C‘U], a r e  effectively null for  a statically determinate exci- 
tation. 
placements and we have (ref .  4)  
These matr ices ,  together with the stiffness mat r ix  [KUUJ and the 
In  this case  the displacements ul, u2 . . . ,  UN become rigid-body dis- 
[Kuu] = 0 
[CUU] = [CU”3 = [C”U] = 0 
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The matrix [Muu] becomes the m a s s  matr ix  for the rigid-body modes, and 
the mat r ices  [MUn] = [MnU]T are the rigid - -  elastic couplings (ref. 4). The 
statically determinate motion will occur for  N I 6 for a three-dimensional 
motion and N I 2 for a plane motion. 
The matr ices  [Mnn] and [Km] are diagonal matr ices ,  and we will 
assume that the damping mat r ix  [Cnn] is also diagonal. 
(4), and (7), we obtain 
Expanding Eqs. (3),  
n n u .  n nu M** nn. nn .- m q. t c .  q. t k. q = - mjs us - cjs us 
j~ J J  J j  s=l s=l 
N N uu N F = msi Gi t .::hi t kuuu. 
S si  1 i= 1 i= 1 i= 1 
... ... 
un . t 2 mun;i. t 2 csj  qj 
j =  1 Sj J j= l  
1 i = - (F t m' i i  t c ' u  t kLus 
S s s  s s  ls 
dis 
e S = R i t L s d t  s s  t Ashs 
This  is the system of equations that can be programmed with operational 
amplifiers on an analog computer. The sys tem i s  electrically stable i f  we 
proceed a s  follows. We remark  that the only differential equations that we 
have to solve a r e  the equations of t h e  subsystem (12) which represent  the 
forced oscillation of r-independent, one-degree-of-freedom systems due to 
the l inear combination of the known ii's and ~ I s .  These equations a r e  
obviously uncoupled in te rms  of the variables ql, 92, . . . , qr, since these 
variables a r e  normal  coordinates, and hence they lead to a stable electrical  
network. 
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Further,  each equation in (12)  gives responses qj  and ;1 which a r e  
easily combined l inearly together and with the u ' s  to give thej'N forces F, 
according to Eq. (13). The shaker currents is and then the shaker voltages 
es  a r e  obtained by l inear combination of the known quantities Fs and us on 
operational summers  with no stability problem. 
EXAMPLE O F  A BEAM EXCITED AT TWO POINTS 
Structure 
The technique of analog equalization for multi-shaker excitation was tested 
on a Plexiglas beam of rectangular cross  section 3/4 x 2 x 51 in., excited at 
two points, P 1  and P 2  (fig. 3). The first five natural  modes in the tied-down 
configuration at P1  and P 2  were taken to represent  the structure,  spanning 
a frequency range from 0 to 250 cps. 
shakers a r e  used, the excitation is statically determinate and the matr ices  
[C'U], [cun]J and [KUU] a r e  null. 
Since it is a plane motion and only two 
Equations (12) through (15) become 
nn.. nn nu .. nu.. 
j 2  m q. t cnn;l. t k. q - j J  J J  ~j - -mj lU1  - 
j = 1,2,3,4,5 
un .. 5 
j=1 
uu.. uu.. - t m12u2 t m q. t m'G t c'G t kiul  1j  J 1 1  1 1  xlil - mllUl 
un.. 5 
j=1 
uu.. uu.. - t m22u2 t m q. t m'G t c'fi t kiu2 2j J 2 2  2 2  h2i2 - m21U1 
di 
e l  = R i  t L 1 W  t XlG1 1 1  
di2 
e 2 = R i  2 2  t L 2 X  t h21i2 
These equations were programmed with operational amplifiers (44 amplifiers 
were needed, see Appendix A).  
a r e  indicated in Appendix A, together with the methods used to obtain them and 
the electr ical  network. 
The numerical coefficients for the equations 
The block diagram for the tes t  is shown in figure 4. 
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T r ans ient T e sting 
Once the analog equalizer is se t  for a given structure,  the setting is 
valid for any kind of specified excitation. 
desired t ime history of the accelerations iil(t) and iiz(t) be available in the 
form of a n  electrical  signal. 
tape and the time history of the transient is shown in figure 5a. 
frequency content of this transient is between approximately 10 cps and 
250 cps. 
transient at both locations P 1  and P2. The two inputs of the analog computer 
were  driven by the same transient from the tape, and the responses iil and 
ii2 at points Pi and P2 were monitored and recorded on magnetic tape. 
Figures 5b and 5c show the two time histories that were obtained. 
equalization would give three  identical figures. 
it can be seen that as  a whole the two transients were very well reproduced with 
the co r rec t  levels. 
differences remain small. 
prope r ly  equalized. 
The only requirement is that the 
A flight-type transient was available on magnetic 
Most of the 
It was postulated that the test  would be the reproduction of this same 
A perfect 
Comparing the three figures, 
It is only in the detail that differences exist, and those 
Therefore, we will say that the system was 
CONCLUSION 
It has  been shown in this paper that an analog equalization is possible for 
multi-shaker environmental vibration testing of linear structures.  
equations have been written and were applied successfully for the equalization 
of a simple beam excited at two points. Nevertheless i t 4 s  realized that 
obtaining the coefficients for the equations and setting the corresponding 
potentiometers of the analog resul t  in a complex operation. 
mechanization of the operation would have to be developed for any application 
to practical  environmental vibration testing. 
The proper 
Therefore, a 
Finally, we reca l l  that the analog equalization is limited to  l inear s t ruc-  
ture and is an open-loop method with the built-in disadvantage that any change 
in the s t ructure  during the tes t  would not be corrected by the equalizer. 
this respect  a closed-loop system would not have this disadvantage; however, 
a closed-loop system does not seem possible in the present  state of the art for 
t ransient  vibration testing, since the control would have to  be done on instan- 
taneous values rather than on average values. 
In 
Before closing, we note that the analog equalizer is also valid for multi- 
shaker random vibration testing with the advantage of reproducing the proper 
correlat ion betwee'n shakers. 
uncorrelated band-limited random noise inputs at P 1  and Pz, and the 
responses iil and ii2 have been satisfactorily reproduced. 
Tests  have been made with correlated and 
9 
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Figure 2. - Analog equalizer. 
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Figure 4. - Beam tes t  setup. 
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Figure 5. - Transient testing. 
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APPENDIX A 
DETERMINATION OF THE EQUALIZER COEFFICIENTS 
Resistance R, ohms 
Inductance L, mH 
Force-cur ren t  coef X, newton/A 
Mass  of moving assembly m', kg 
Flexure stiffness k', newton/m 
Damping c', newton/m/ s 
I 
SHAKER CHARACTERISTICS 
The exci ters  a r e  two 20-lb shakers, the character is t ics  of which were  
Table A-1 shows the values of determined experimentally before the test. 
these character is t ics .  
Table A- 1. Shaker Character is t ics  
De  signation r Shaker No. 1 
~ 
3 . 8 5  
1 
12.99 
0 . 3 7 7  
2140 
0.860 
Shaker No. 2 
3 . 5 3  
1 
12 .86  




The 'rigid-body m a s s  matrix [M"] was computed f r o m  the geometry and 
the mass properties of the beam and i t s  attachments, including accelerometer  
pick-ups and armature  masses  m f l  and m' previously computed. 2 
The mat r ix  i s  
Several different techniques can be used to obtain the dynamic 
can be set  to unity by proper normalization, and the remaining coeffi- 
for j = 1, 2, 3 ,  4, 5 
character is t ics  of the elastic beam. 
m 
W e  first note that the generalized masses  
nn 
j nu .&ents that need be determined a r e  cnn, k”, and m 
j J j s  
and s = 1, 2. 
Method 1 
The first method is  a modal approach for  which the natural  modes of the 
beam in  the configuration tied down at Pi  and P 2  a r e  either computed o r  
measured experimentally in a separate test. 
frequencies f .  and the mode shapes { + n }  f r o m  which one can get k 
This method gives the natural  
nn nu and m : 
J J j j s  
2 2 nn kn.n = 4~r  f .  m 
J J j  
( m y  = 1) 
where rm,] i s  the mass  distribution of the structure and a r e  the mode 
The coefficients Cnn a r e  obtained by intro- shapes of the rigid-body modes. 
ducing a modal reduced damping $ (percent of cri t ical  damping), which can be 
measured f rom decay curves made at each natural  frequency 
j 
nn nn 
C = 4 ~ r f . 5 .  m 
j J J  j 
( m y =  1) (A-3)  
Method 2 
The second method is  an impedance tes t  made on the electromechanical 
The method consists in locking one 
sys tem itself, therefore not necessitating any separate setup. 
method that was used for this example. 
shaker  a t  a time, for example shaker No. 2,  such that u2(t) = 0. A low-level 
sine sweep in the frequency range of in te res t  i s  then made by driving the other 
shaker with a sweep oscillator which i s  controlled to maintain the acceleration 
This is the 
(t)  a t  point P1 at a constant amplitude level A I :  
U (t) = A sin u t  (A-4) 1 1 
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The amplitude E1 of the required voltage e l ( t )  (or current  i l ( t ) )  i s  plotted 
versus  the sweep frequency. The process i s  repeated, switching the role of 
the shakers.  We obtain two curves,  E1 and E2, a s  shown in figures A-1 and 
A-2. 
The curves E1 and E2 exhibit a ser ies  of maxima that correspond to the 
natural  frequencies of the s t ructure  in the tied-down configuration a t  Pi and 
P 2 ,  since one of the shakers  is locked and the other one is controlled for an 
acceleration of constant amplitude. The locations of the maxima along the 
frequency axis give the numerical  values of the natural  frequencies fj  f r o m  
which the stiffnesses knn can be obtained according to Eq. (A-1). 
stiffnesses a r e  indicated in  Table A-2. 
Those 
j 
The maxima of the curves E1 and E2 a r e  followed by troughs that co r re -  
spond to the natural  frequencies of the beam tied down at  only one point, Pi  
o r  P 2 .  Those modes were chosen to determine the modal damping since i t  
was ve ry  convenient to obtain the decay curve f r o m  this configuration. The 
modal damping c j  of the modes tied down at  P i  and P 2  was assumed to be the 
same. The damping coefficients c were  computed according to Eq. (A-3) 





We now turn to the determination of the coefficients mun = m .  . The 
method used to obtain those coefficients was the following. We first program 
Eqs.  (16) through (20) on the analog computer. A schematic of the electr ical  
network i s  shown in figures A-3 - A-5.  
with the power amplifiers (fig. 4) and al l  the previously determined coefficients 
a r e  se t  on the corresponding potentiometers. 
f i r s t  s e t  to zero.  
amplitude corresponding to a low level acceleration. 
one- shaker-locked configuration and the other shaker is  driven by the output 
of the computer. Then the double potentiometer corresponding to mun = m. 
is adjusted in  order  to obtain the desired level a t  the f i r s t  natural  frequencyfl .  
This is repeated in  turn for a l l  natural frequencies and for  both shakers  to 
obtain all the ten coefficients mun. 
resolved by unlocking the two shakers. 
by this method a r e  indicated in  Table A-2. 
Then the computer i s  placed in  line 
All the coefficients mun a r e  
s j 
Next the computer is driven by a sine wave of constant 
The beam is still in  the 
nu 
s j 3s 
There remains a sign ambiguity which is  
s j 
The values of the coefficients obtained 
Figures  A-6 and A-7 a r e  relative to a sine sweep made on the b e a m  with 
the computer in line to show the effectiveness of the equalization. The com- 
puter was driven on i t s  two inputs with a sine wave of constant amplitude and 
the amplitude of the responses of the beam ul  and u2 was monitored. 
fect  equalization would be achieved if the two responses ul  and u2 were  flat  
in  terms of frequency. 
and A-2 to show the magnitude of the necessary equalization. The curves of 
f igures  A-6 and A-7 show that the equalization i s  effective within *1 dB f r o m  
10 cps to 100 cps, with more  divergence in the higher frequency range. 
A per-  
Those curves have to be compared with figures A-1 
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Before concluding this section, let us  note that a random input was also 
un 
sj ’ used in place of the sine wave to determine the coupling coefficients m 
the potentiometers were adjusted so that the power spectral  density of the 
responses of the beam U l  and u 
turned out to be just  a s  convenient a s  the sine wave method. 
and 
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Figure A- 1 .  - Shaker No. 1 voltage vs frequency 
for  shaker No.  2 ,  locked. 
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Figure A-2. - Shaker No. 2 voltage v s  frequency 




Figure A-3. - Analog representation of one- 
degree-of-freedom systems,  par t  1 .  
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Figure A-4. - Analog representation of one- 
degree-of-freedom systems, par t  2. 
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Figure A-6.  - Equalized acceleration at I’ for 
shaker No. 2,  locked. 1 
FREQUENCY, cps 
Figure A-7. - Equalized acceleration at P for 
shaker No. 1 ,  locked. 2 
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